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Abstract 



Qh! The contribution of hadronic vacuum polarization to the Lamb 

^ ' shift in muonic hydrogen is evaluated with the account of modern ex- 

perimental data on the cross section of e^e~ annihilation into hadrons. 
The numerical value of this contribution to the (2P-2S) shift in muonic 
rS ' hydrogen is equal to 10.77 neV. 



^Talk presented at the XlVth International Workshop on High Energy Physics and 
Quantum Field Theory, Moscow, Russia, 27 May - 2 June 1999 



In recent years, experimental accuracy of the hydrogen - hke atom (hy- 
drogen atom, positronium, muonium, et. aL ) energy level measurements 
as well as of the anomalous magnetic moments of electron and muon was 
essentially increased. In some cases this accuracy reached such a level, which 
requires further theoretical investigations of the strong and even weak inter- 
action contributions. The hadronic vacuum polarization contribution (HVP) 
to the muon anomalous magnetic moment, which was calculated by different 
authors |]l], ||, 0, makes the value 

a^vP = (6771 ± 96) X 10-1^ (1) 

The experimental precision in the measurement of a^ is expected to be im- 
proved by the E821 experiment at Brookhaven National Laboratory to the 
level (1^2) X 10^^°. The precision of the muonium hyperfine splitting mea- 
surement was raised up to the order of 10^^ kHz in the new Los Alamos 
experiment 0]. This suggests the calculation of the higher order contri- 
butions to the hyperfine structure as well as the contribution of hadronic 
vacuum polarization, which takes the value p: 

AEJ^fJP(/ie) = 0.2397 ±0.0070 kHz. (2) 

At present time there are attempts to realize the measurement of the 
2-Pi/2 — 251/2 Lamb shift in muonic hydrogen to about 10 ppm level. Such 
high accuracy Lamb shift measurement in the muonic hydrogen may become 
one more task, permitting the experimental verification of the HVP contri- 
bution . The energy levels of system (yup) are defined in the same way as 
for electronic hydrogen. By virtue of the fact that the electron to muon mass 
ratio TTie/m^ = 4.836332 ■ 10~^, some quantum electrodynamical corrections, 
connected with the vacuum polarization (including hadronic vacuum polar- 
ization) increase substantially in the case of muonic hydrogen. High precision 
measurement of the (2P-2S) Lamb shift in muonic hydrogen makes it possible 
to determine with higher accuracy the proton charge radius -Rp = V< r^ > 

i- 

In the framework of the quasipotential method the interaction operator 

in the system (/xp), accounting for I7- and 27- processes, takes the form [§]: 

V = Vi^ + V2-, = V' + AV^, (3) 

Vi^ = Ti^, V27 = T2^ - Tij xG^ X Ti^, (4) 

where V^ is the Coulomb potential, Ti^, T2-y are the one- and two-photon 
scattering amplitudes off the energy shell, [G-^]~^ = (&^ — 'f^)/2fiji is the free 
two-particle Green function. The dominant HVP contribution to the Lamb 
shift of muonic hydrogen is determined by the diagram of Fig.l. Then the 
corresponding correction to the muon-proton quasipotential in the configu- 
rational space can be expressed in the following way 0: 



\r) = -4a{Za) H ^^^ ■ 6{f), (5) 
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Figure 1: Contribution of HVP to the one-photon exchange interaction in 
ifip). 

where the spectral function p{s) is related to the known cross section of e^e~ 
annihilation into hadrons o"'^: 

, , R(s) a^(e^e~ -^ hadrons) ,„. 

P{s) = ^= ^ t + T^' 6 

3s 3scr^^(e+e -^ /i+/i ) 

and o"^;i(e^e^ -^ f^^f^) = 47rQ;^/3s is annihilation cross section to a muon 
pair. The S-level energy shift can be obtained under averaging of (5) over 
Coulomb wave functions in the kind: 

^^HVP _ _4a(^a)V r p{s)ds 

^' 7rn3 J^ml s ' ^ ^ 

In recent years the precision of a^ measurement for different energy in- 



tervals was substantially increased [T^. The main contribution to the cross 
section a^ is determined by the process e"*" + e~ ^ 7r+ + 7r^. The cross section 
of this reaction is proportional to the modulus squared of the pion form factor 
Ftt- As a consequence of new experiments on CMD-2 detector the experi- 
mental data on form factor F^ were obtained in the region 0.61 < i/i < 0.96. 
We have used them in the calculation of HVP contribution in this work. To 
describe the experimental data the Gounaris - Sakurai model, accounting for 
the p — uj interference, can be used: 

F.{s) = ^^^ . (8) 

The parameters P, 7 and the values of the p(770), p(1450), u parameters 
were taken from |]T0|, |TT|. Substituting (8) to the spectral function 



' ^^ \FAs)\\ (9) 
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Figure 2: Diagrams of two-photon interaction, giving HVP contribution to 
the Lamb shift in (fip) 



we have made numerical integration in (7) for the energy interval 4m^ < 
^/s < 0.81. The contributions of other energy intervals to AE^Y^ were ob- 
tained in the same way as in the papers [Q, ^, |12[ . The results of numerical 



integration in (7) are shown in the table. It is evident that the basic contribu- 
tion to Ai^Ls^^ is related to the form factor F^. So, it was useful to compare 
this contribution to that, which can be obtained by means of the theoretical 
representation of the pion form factor, suggested in |l^. As expected, the 
corresponding contributions to Aii^Ls^^ are coincide. 

Consider one-loop HVP contributions to the Lamb shift in (yup), shown 
in Fig. 2. The necessary HVP correction, coming from these two-photon 
amplitudes T2^ can be obtained after the following substitution in the photon 
propagator: 

1 fa\ 1"°° p(s)ds 



k"^ + ie 



TX 



Sth 



k"^ — s + ie 



(10) 



Then the displacement of S-energy levels can be written in the following way: 
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(11) 

+ (12) 
IGmfmlF^ 



k^ + Am^mi 
2m2{m1 — ml) 



A;2(2F2 + 4F1F2 + 3F|) - 8mlFiF2 + 
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where the iteration part of the quasipotential (4) was taken into account. 
There are no infrared divergences in expression (12). For the calculation 
of the corresponding correction to the (2P-2S) transition energy we use the 
dipole parameterization of the proton form factors Fi and F2 [|15| : 
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where the proton structure parameter A = 0.898m2 [0, k, = 1.792847 is the 
proton anomalous magnetic moment. The numerical value of the contribu- 
tion (11), accounting for (9), is equal to 



A pHVP 

^-^Ls, 27(a+b) 



-0.047 fieV. 



(14) 



The contribution of the same order in a to the energy spectrum due to 
hadronic vacuum polarization is determined by the diagram (c) of Fig.2. 
Using on-shell approximation for the external particle legs, we can express it 
as follows: 



AE. 
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(15) 
(16) 



where the quantities Phvp(O) ^^^ /hvp(O) denote the HVP contribution to 
the slope of the charge form factor and to the muon anomalous magnetic 
moment. The following integral representation for /hvp(O) is commonly used: 



1 /a 
/„VP(0) = - (- 



R{s)ds 



Sth 



y^{l - y)dy 
{y^+^{l-y)y 



(17) 



Table. HVP contributions to the Lamb shift (2P-2S) 
in muonic hydrogen for the different energy intervals. 



final state 


energy range i/i, GeV 


AEi^/^(/ip), ^,eV 


p,uj ^ 27r, uj —>■ 37T 


(0.28, 0.95) 


7.035 ±0.193 


<P 




0.625 ±0.023 


J/^ 




0.115 ±0.010 


T 




0.001 


hadrons 


(0.95, 1.4) 


1.766 ±0.073 


hadrons 


(1.4, 2.2) 


0.602 ±0.039 


hadrons 


(2.2, 3.1) 


0.279 ±0.024 


hadrons 


(3.1, 5.0) 


0.181 ±0.012 


hadrons 


(5.0, 10.0) 


0.099 ±0.002 


hadrons 


(10.0, 40.0) 


0.034 ±0.001 


hadrons 


v/i > 40.0 


0.003 




Total contribution 


10.772 ±0.377 




accounting for (14), (19) 





The numerical value for /hvp(O) has been improved by the new calcula- 
tions in recent years ||l|. We have used for it the following value: /hvp(O) 
= 695.1x10"^°. The contribution of HVP to the slope of charge form factor 
can be expressed also in the integral form similar to (17). To obtain it we 
consider Feynman's parameterization for loop momentum integration and 
a once subtracted dispersion relation for the polarization operator 
The corresponding expression reads as: 
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The integration over y in (18) can be done exactly. The numerical value of 
the correction (15) to the Lamb shift (2P-2S) of muonic hydrogen, obtained 
by means of (17), (18) and (8), is 



^-^Ls, 27(c) 



-0.015 fieV. 



(19) 



The contribution of diagram (d) in Fig. 2 to the energy spectrum is of the 
order of 0{a^) and can be neglected. Total value of hadronic vacuum po- 
larization contribution to the Lamb shift (2P-2S) is shown in the table. It 



is in good agreement with the results of papers |jT8|, 0. This contribution 
has the same order as a Lamb shift correction due to the proton structure 
and proton polarizability (Za)^ pO|, |21[]. This result allows to increase the 



theoretical accuracy of the Lamb shift calculation in (/^p). Indeed, taking 
into account our result for HVP contribution, obtained in this work, and the 



proton polarizability contribution, found in flj] , and calculations of papers 
[^, |I^, we can write total expression for the Lamb shift in muonic hydrogen 
in the form: 

AELs(/ip) = (206.085(2) - 5.1975i?J) meV. (20) 

The uncertainty in the first term of (20) is determined by experimental errors 
in the measurement of structure functions of deep inelastic e-p scattering [H 
and cross section cx^. The result (20) should be used when extracting the 
proton charge radius Rp from the future experiment of muonic hydrogen 
Lamb shift. 
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